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Recitation 4 - 41 Voldman

Problem 1. A long, steel pipe filled with fresh water to a height 4, is lowered quickly into the ocean until its bottom
end is a distance 4, below the surface of the ocean as shown in the Figure. The bottom end of the pipe is closed with
a semlpermeable membrane permeable to water only
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Figure 1: Schematic diagram of a pipe terminated in a semipermeable membrane
-and immersed in the ocean. The fresh water in the pipe has mass density p, and
osmolarity 0; the salt water has mass density psand osmolarity Cj the
semipermeable membrane has hydraulic conductivity L.

a) Derive an expression for the inward flux of water, ®v, in terms of the variables shown in the Figure, the
acceleration of gravity g, and any other necessary constants.

b) Determine the magnitude and sign of the initial derivative of 4y(f), i.e., dhy/dt evaluated at =0, if

hy=100m 2 =1.03 g/em®
h(0)=1m o =1.00 g/cm’
A=10cm2 Ly=3 % 10" m/(Pas)
Cr=1 osmol/L g =980 cny/s®
T=300K :

c) Show that, provided A is greater than some critical depth h,, that the final equilibrium value of 4, is greater than
h,. Find the value of 4..
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a. The flux of volume is
Oy =Ly ((ps - po) - (7"3 - 7(‘0)) .

The hydraulic pressure is due to the head of water and the osmotic pressure difference. The
osmotic pressure of the fresh water in the pipe is zero. Therefore,

®y = Ly ((psghs — Pogho) — (RTCz —0)),
= Ly (g(pshs - poho) - RTC}:) .

Note that the difference in hydraulic pressure must overcome the osmotic pressure of seawa-
ter in order for the volume flux to be positive.
b. The derivative of the height is obtained as folows

d(Ah(®)  dholt) o
_ 7 =A 7 fA<I>V.

Sﬁbstitution for the fiux yields

d_h")‘(t_) =Ly (psghs - pogho(o) - RTCE) .
& )., . |

All the constants are expressed in ISI units. The difference of hydraulic pressure is

o F

v m kg 2 . 3 Eg_
" Psghs — pogho(0) = 9.8 2 (1.03 x 108 o x 10° m.— 1x 10 = x 1 m) )
' = 10°Pa.

The difference in osmotic pressure is

3 mol
RTCy = 8314 ——— x 300K x 10° —
= 249 x 10°Pa.
Therefore,
dhot))  _ 3 10722 (1 — 2.49) x 10° Pa = —4.47 x 10 m/s. f
at /._a . Pa-s ‘ o

c. Atequilibrium, &y = 0. Therefore,

g (psh's - p;,h’o(oo)) — RTCg =0,

and _ RTC
ho(o0) = Bopy — - 2Z,
Po 9Po
The critical height is one for which h,(00) > h, so that
s RT
,0_ s CE > hsa
Po 9Po
and
<ps po) he > RTCs
Po 9pPo
Therefore, RTC
Bg > ho = ———,
g (ps - Po)

d. The critical assumption is that the ocean’s composition (osmolarity) is constant with depth,
i.e., that the ocean is well-mixed. If it were, then there would be no intrinsic reason that fresh
water and energy could not be extracted. However, the osmolarity of the ocean increases
exponentially with depth (This increase is explored more thoroughly in Problem 3.19 in
volume 1 of the text). The increase results because of gravitational forces on the salts in the
ocean. Over short distances relevant to physiology, these gravitational forces can be ignored.
However, over long distances relevant to oceanography, they cannot.




